Modeling of fiber-reinforced cement composites: Discrete representation of fiber pullout  by Kang, Jingu et al.
International Journal of Solids and Structures 51 (2014) 1970–1979Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rModeling of ﬁber-reinforced cement composites: Discrete
representation of ﬁber pullouthttp://dx.doi.org/10.1016/j.ijsolstr.2014.02.006
0020-7683/ 2014 Elsevier Ltd. All rights reserved.
⇑ Corresponding author. Tel.: +1 530 752 8226; fax: +1 530 752 7872.
E-mail address: jebolander@ucdavis.edu (J.E. Bolander).Jingu Kang a, Kunhwi Kim a, Yun Mook Lim b, John E. Bolander a,⇑
aDepartment of Civil and Environmental Engineering, University of California, Davis, CA 95616-5294, USA
bDepartment of Civil and Environmental Engineering, Yonsei University, Seoul 120-749, Republic of Korea
a r t i c l e i n f oArticle history:
Received 14 November 2013
Received in revised form 3 February 2014





Fracturea b s t r a c t
The discrete modeling of individual ﬁbers in cement-based materials provides several advantages,
including the ability to simulate the effects of ﬁber dispersion on pre- and post-cracking composite
performance. Recent efforts in this direction have sought a balance between accurate representation of
ﬁber behavior and computational expense. This paper describes a computationally efﬁcient approach
to representing individual ﬁbers, and their composite behavior, within lattice models of cement-based
materials. Distinguishing features of this semi-discrete approach include: (1) ﬁbers can be positioned
freely in the computational domain, irrespective of the background lattice representing the matrix phase;
(2) the pre- and post-cracking actions of the ﬁbers are simulated with little computational expense, since
the number of system degrees of freedom is independent of ﬁber count. Simulated pullouts of single
ﬁbers are compared with theory and test results for the cases of perfectly-plastic and slip-hardening
behavior of the ﬁber–matrix interface. To achieve objective results with respect to discretization of the
matrix, pullout forces are distributed along the embedded lengths of ﬁbers that bridge a developing crack.
This is in contrast to models that lump the pullout force at the crack surfaces, which can lead to spurious
break-off of matrix particles as the discretization of the matrix is reﬁned. With respect to fracture in
multi-ﬁber composites, the proposed model matches theoretical predictions of post-cracking strength
and pullout displacement corresponding to the load-free condition. The work presented herein is a
signiﬁcant step toward the modeling of strain-hardening composites that exhibit multiple cracking.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Fibers are added to cement-based composites and other brittle-
matrix materials for a variety of reasons, including improvements
in cracking resistance and material toughness. Further develop-
ment and effective utilization of such ﬁber-reinforced cement
composites (FRCC) depend on transferring the results of laboratory
studies, in which specimen production is often carefully controlled,
to practical applications in the ﬁeld. As part of these efforts, the
effects of ﬁber distribution on the cracking performance of FRCC
need to be understood and quantiﬁed. Regions with fewer ﬁbers
can act as defects, increasing the potential for crack formation. In
the post-cracking state, fewer ﬁbers bridging the crack generally
results in larger crack openings and lower toughness (Akkaya
et al., 2001). Such issues are also critical in the development of
strain-hardening cement composites (SHCC) (Li and Wu, 1992;
Naaman et al., 1996), as the abilities to achieve strain hardeningand ultimate strain capacity are affected by ﬁber dispersion nearby
the critical crack (i.e., within the zone of localization).
One effective approach to modeling ﬁbers in cracked concrete is
to smear their effects in the form of a traction versus crack opening
law, which governs bridging stress across the crack faces (Visalva-
nich and Naaman, 1983; Caner et al., 2013). Lee et al. (2013) sum-
marize several recent models of this type, along with their Diverse
Embedment Model for the tensile response of steel ﬁber-reinforced
elements. The shape and control point values of the traction-
separation law, and other basic model parameters, can be
determined through inverse analyses of test results (Etse et al.,
2012) or other forms of calibration. These approaches are accurate
for the prevailing distributions of ﬁbers local to the cracking
zone(s), as represented by the experimental data set used for the
inverse ﬁtting. Alternatively, the traction-separation law can be
derived from consideration of material parameters and processes
within a representative volume element of the cracked material
(Kabele, 2007).
There has been a trend in recent years toward FRCC models that
discretely represent the individual ﬁbers within the material
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Schauffert and Cusatis, 2012; Oliver et al., 2012; Zhan and
Meschke, 2013; Montero-Chacón et al., 2013). Fiber positions can
be determined through sectioning/stereological reconstruction
techniques (Stroeven, 1995) or radiographic imaging of specimens
(Krause et al., 2010; Trainor et al., 2013). Alternatively, the casting
process, including the tracking of ﬁber positions, can be simulated
using computational ﬂuid dynamics (Švec et al., 2013). Such
discrete models provide several advantages, including the direct
modeling of: (1) local behaviors of the ﬁbers (e.g., snubbing local
to the crack faces and possible rupture of the ﬁber); and (2) the
effects of ﬁber distribution nonuniformity within the material
volume. Fiber distributions can be strongly affected by the material
rheology, casting process, conﬁguration, and dimensions of the
structural component (Stähli and van Mier, 2007; Stähli et al.,
2008; Zerbino et al., 2012; Li and Li, 2013). Consideration of such
phenomena improves the physical bases of the simulation and
helps establish quantitative linking of mesoscale features and mac-
roscale behavior of the composite material. Such capabilities
would be useful in the development of functionally graded ﬁber-
reinforced composites (Shen et al., 2008) and have been applied
in the modeling of other types of ﬁbrous materials (Wilbrink
et al., 2013). Two discrete forms of ﬁber modeling have been
developed for cement-based composites:
 Fully-discrete models, in which the ﬁbers are discretized and
possess independent degrees of freedom; and
 Semi-discrete models, in which each ﬁber is explicitly
represented, yet ﬁbers do not possess independent degrees of
freedom.
Fully-discrete models of reinforcement date back to the ﬁrst
attempts at ﬁnite element modeling of structural concrete (Ngo
and Scordelis, 1967). Reinforcing bars were represented as series
of two-node frame elements, connected to the concrete through
link elements representing the nonlinear bond properties of the
concrete-bar interface. The modeling of bond breakdown and slip
is essential for estimating crack openings and other measures that
affect the safety and serviceability of concrete structures. In the
early implementations of that approach, positioning of the
reinforcing elements had to conform to the ﬁnite element mesh
representing the concrete (i.e., the frame elements ran along the
edges of continuum elements and their nodes were coincident)
(Ngo and Scordelis, 1967). A signiﬁcant advancement came in
being able to freely position the reinforcing elements within the
computational domain, irrespective of the discretization of the
concrete volume, either in ﬁnite element models (Barzegar and
Maddipudi, 1997) or in random lattice models (Bolander and Saito,
1998; Yip et al., 2005). By discretizing the individual bars (or
ﬁbers), displacements along the bar (or ﬁber) length are resolved
and interactions between the reinforcement and matrix can have
a strong physical basis. Whereas such approaches are effective in
modeling reinforcing bars in structural concrete, their application
to modeling FRCC is hindered by the large ﬁber counts and associ-
ated computational expense.
Development of semi-discrete models has been motivated by
the need to represent large numbers of ﬁbers in a computationally
efﬁcient manner. Similar to modern fully-discrete approaches, ﬁ-
bers can be placed within the computational domain irrespective
of the discretization of the matrix phase. The modeling of bond
breakdown and slip at the ﬁber–matrix interface is handled indi-
rectly, since the ﬁbers do not possess independent degrees of free-
dom from which relative slip can be measured. Ruiz (2001) is
arguably the ﬁrst to model the effects of a reinforcement layer that
bridges a cohesive crack. The closing forces associated with the
reinforcement layer are initially transferred to the matrix over adistance from the crack surface, rather than being lumped at the
point of intersection with the crack surface. The layer forces are
then converted to an equivalent closing pressure distributed over
the crack surfaces. Using concepts from the immersed boundary
method (Peskin, 2002), Radtke et al. (2010) simulate the mechan-
ical behavior and failure patterns of FRCC, as they depend on the
number and distribution of ﬁbers. Forces carried by the individual
ﬁbers are transferred to the background ﬁnite element mesh,
representing the matrix, at the ﬁber end points. In a separate study,
Radtke et al. (2011) developed a novel partition of unity (PU) ﬁnite
element approach to represent individual ﬁbers in elastic and
fracturing continua. The approach accounts for the constitutive
behaviors of the matrix, ﬁber, and ﬁber–matrix interface. The
displacement discontinuities produced by ﬁber slippage, relative
to the matrix, are represented by enrichment functions within
the PU ﬁnite element framework. Cunha et al. (2012) simulate
FRCC fracture using linear two-node cable elements, connected in
series, to represent individual ﬁbers in the concrete volume. Prop-
erties of the ﬁber–matrix interface are determined from inverse
analysis of test results. Fiber nodes are perfectly bonded to back-
ground mesh; the effects of bond slip are modeled indirectly by
transforming load-slip relations, for different ﬁber embedment
angles, to tensile stress–strain behavior of the ﬁber elements.
Oliver et al. (2012) present a novel approach, based on multiﬁeld
theory, for the fracture analysis of high-performance ﬁber
reinforced composites. It is a two-scale formulation, in which the
macroscale model is endowed with an internal morphology that
accounts for relative displacement between the ﬁbers and matrix,
and constitutive properties of the ﬁber–matrix interface. This
approach yields realistic descriptions of multiple cracking followed
by fracture localization.
As another example, the pre- and post-cracking actions of the
ﬁbers have been constrained to the kinematics of rigid-body-
spring elements representing the matrix (Bolander and Saito,
1997; Bolander and Sukumar, 2005). Since the ﬁber inclusions lack
independent degrees of freedom, the resulting models are compu-
tationally efﬁcient so that, for instance, microﬁber composites
containing 107 ﬁbers have been modeled on ordinary computers
(Bolander et al., 2008). As demonstrated herein, however, the
post-cracking behavior of this form of semi-discrete approach is
not objective with respect to discretization of the matrix phase.
This problem is due to the lumping of pullout forces at a single
point within the computational domain.
Objectives of this work include the development of a semi-
discrete approach for modeling FRCC that retains the beneﬁts of
computational efﬁciency, but in addition: (1) distributes pullout
forces along the ﬁber embedment length, rather than lumping such
forces at a single point; and (2) is objective with respect to discret-
ization of the matrix phase. The proposed multiscale model is val-
idated through comparisons with both theory and experimental
results, ﬁrst for the basic case of single ﬁber pullout using either
a perfectly-plastic or slip-hardening constitutive model for the
ﬁber–matrix interface. Thereafter, behavior of the new approach
is investigated for the case of tensile fracture of multi-ﬁber
composites. Implications of this work toward the long-term goal
of simulating multiple cracking of strain-hardening cement
composites are also discussed.2. Lattice modeling of ﬁber-reinforced cement composites
The ﬁber phase and matrix phase models are both based on the
rigid-body-spring concept (Kawai, 1978; Bolander and Saito, 1997,
1998). The collection of nodes, interconnected by springs and
kinematic constraints, can be viewed as a form of lattice or particle
model (Herrmann and Roux, 1990; Schlangen and van Mier, 1992;
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approach, the post-cracking actions of ﬁbers have been simulated
by lumping their crack-bridging forces to the faces of formed
cracks (Bolander and Saito, 1997; Bolander et al., 2008). This
semi-discrete modeling of ﬁbers is computationally efﬁcient, yet
it is not objective with respect to discretization of the matrix
phase, as demonstrated in Section 3.2. The proposed method, de-
scribed herein, addresses that shortcoming by distributing crack-
bridging forces over the ﬁber embedment lengths. After reviewing
the lattice modeling of the matrix phase, this section summarizes
both the lumped- and distributed-force approaches to modeling
the post-cracking actions of ﬁbers. In addition, a fully-discrete
method is introduced to validate the distributed-force approach.2.1. Modeling of matrix phase
The lattice elements representing the matrix interconnect a set
of randomly distributed nodes (Fig. 1(a)). Lattice topology is de-
ﬁned by the Delaunay tessellation of this nodal set (Okabe et al.,
2000), whereas the sectional properties of the elements are deﬁned
by the dual Voronoi tessellation. The matrix element formulations
are based on the rigid-body-spring concept (Kawai, 1978; Bolander
and Saito, 1998) illustrated in Fig. 1(b), where hij is the element
length and Aij is the area of the Voronoi facet common to nodes i
and j. Elasticity of the material is lumped into lineal and rotational
springs associated with each axis of the n s t coordinate
system, which is positioned at the centroid C of Aij. The spring
set is connected to nodes i and j via rigid arms iC and jC,
respectively. The spring stiffnesses are proportional to Aij=hij,
which provides an elastically homogeneous representation of the
matrix (Bolander and Saito, 1998; Li et al., 2006). Although not
considered herein, heterogeneity of the matrix could be repre-
sented through, for example, spatially correlated distributions of
strength or stiffness (Vorˇechovsky´ and Sadílek, 2008) or the expli-
cit modeling of aggregate inclusions (Schlangen and van Mier,
1992; Grassl et al., 2012). The modeling of mode I fracture of the
matrix is based on a modiﬁcation of the smeared crack approach
(Bazˇant and Oh, 1983) that is energy conserving and insensitive
to the size and irregular geometry of the lattice elements (Bolander
and Sukumar, 2005; Berton and Bolander, 2006). Details of the
matrix element formulation and solution process are given else-
where (Bolander and Saito, 1998; Yip et al., 2005). Hereafter, the
modeling of short ﬁbers embedded within the matrix is described.2.2. Semi-discrete ﬁber model
Fibers can be placed within the computational domain irrespec-
tive of the background lattice representing the matrix. Herein,
ﬁbers are introduced uniformly at random without directional biasFig. 1. (a) Delaunay/Voronoi tessellations of material domain; (b) matrix element ij deﬁ(Knop, 1970), except near the domain boundaries where a wall ef-
fect on ﬁber orientation is unavoidable. A ﬁber lattice element is
formed wherever a ﬁber path intersects the Voronoi facet associ-
ated with a matrix element (e.g., at point Q in Fig. 1(c), where lf is
the ﬁber length). Analogous to the rigid-body-spring construction
of the matrix elements, nodes i and j are linked through rigid-arm
constraints and a zero-length spring. The spring is positioned at
the intersection point Q and aligned with the ﬁber path. Prior to
matrix cracking, axial stiffness of the spring is determined using
shear lag theory (Bolander and Saito, 1997; Cox, 1952).
If N ﬁber paths intersect Aij, there will be N ﬁber element contri-
butions to the stiffness coefﬁcients associated with nodes i and j.
Since the ﬁber elements and matrix elements connect to the same
lattice nodes, the number of degrees of freedom of the model does
not depend on the number of ﬁbers within the computational do-
main. This aspect of the model enables simulations involving large
numbers of ﬁbers (Bolander et al., 2008).
2.2.1. Lumped-force approach
After cracking of matrix element ij, properties of the spring tra-
versing the crack at point Q are governed by the pullout behavior of
each embedded length of the ﬁber (Fig. 2(a)) (Bolander and Saito,
1997). Pullout behavior can be established through physical exper-
imentation (e.g., in the form of a force versus pullout displacement
curve) (RILEM TC 162-TDF, 2002) or derived from properties of the
ﬁber–matrix interface using, for example, the micromechanical
model of Naaman et al. (1991). In the lumped-force approach,
the ﬁber bridging force is lumped at the crack surface or, alterna-
tively, at the corresponding matrix nodes as shown in Fig. 2(b).
The idea of ﬁber bridging forces transmitted between block-like
structures resembles the developments of ﬁber bundle models in
theoretical physics (Daniels, 1945; Raischel et al., 2008). The spring
stiffness and pullout force vary nonlinearly, gradually nearing the
stress free condition as the crack opens and the shorter embedded
length of the ﬁber pulls out. Tensile rupture of the ﬁber is possible,
including its dependence on ﬁber embedment angle (Kanda and Li,
1999). Most applications of this approach have involved ﬁber
materials with low elastic modulus, for which ﬁber ﬂexural
behavior is a secondary consideration.
2.2.2. Distributed-force approach
As an approximation, bond slip is assumed to be constant along
each embedment length of a ﬁber traversing a crack. Bond shear
stress is therefore uniformly distributed along each embedment
length as shown in Fig. 2(a). The assigned nodal forces are propor-
tional to the tributary length associated with each respective
matrix particle traversed by the ﬁber (Fig. 2(c)):
Fjk ¼ ljklk Pf ð1Þned by facet centroid C; and (c) ﬁber element associated with intersection point Q.
Fig. 2. Fiber bridging of a matrix tensile crack: (a) assumed bond stress distribution
over the ﬁber embedment lengths; (b) lumped-force modeling approach; and (c)
distributed-force modeling approach.
Fig. 3. Fully-discrete representation of reinforcement within planar lattice models
(Yip et al., 2005; Kim et al., 2012).
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node j on side k of the crack; ljk are the corresponding tributary
lengths and lk are the embedment lengths. The sum of the nodal
forces along each embedment length balances the crack bridging
force, i.e., Pf ¼ RjFjk. In a similar way, moments are applied to each
associated node to account for moment equilibrium;
Mjk ¼ Fjkrjk ð2Þ
where rjk is the eccentricity of Fjk with respect to the ﬁber path. The
relative displacement between crack faces at the point of ﬁber




dk þ df ð3Þ
where dk are the pullout displacements of the embedment lengths
and df is the axial deformation of the free length of the ﬁber. The
uniform slips of the corresponding embedment lengths are there-
fore sk ¼ dk.
When considering actual behavior, the distribution of bond slip
along an embedment length is highly nonuniform prior to com-
plete debonding (Bentur and Mindess, 1990). The assumption of
uniform slip therefore provides only rough estimates of the spatial
transfer of forces (between the ﬁber and matrix) during the
debonding process. After complete debonding, however, the
assumption of uniform slip and the associated uniform distribution
of Pf is more reasonable.2.3. Fully-discrete ﬁber model
Each component of reinforcement is represented as a series of
ordinary 3-D frame elements (Bolander and Saito, 1998; McGuire
and Gallagher, 1979). As for the semi-discrete approach, the trajec-
tory of the reinforcement is prescribed independently from the
geometry of the lattice representing the matrix. Frame element
nodes are introduced midway along the path within each Voronoi
cell through which the reinforcement passes (as shown for the pla-
nar case in Fig. 3, where frame element node I is placed midway
along segment ab). The axial component of the frame elements
accounts for linear elastic, linear strain-hardening behavior (Kim
et al., 2012). With respect to ﬂexure and torsion, the frame
elements are linear elastic.
Each frame element node I is connected to the associated lattice
node i via an ordinary bond link and a rigid-body constraint, as
shown in Fig. 3. One of the axial springs of the bond link aligns with
the direction of the reinforcement. The stiffness of this spring, Kt ,
represents the nonlinear stress-slip property of the interface,
which is prescribed by a piecewise linear function deﬁned in terms
of bond slip s and shear stress s (Kim et al., 2012). The other stiff-
ness coefﬁcients of the bond link are typically assigned large values
to approximate zero relative movement in their corresponding
directions. The reinforcement strains uniformly during uniform
straining of the matrix, provided the frame element formulations
account for the angle w between each frame element and
associated matrix element, along with the rigid-body constraints
(Kim et al., 2012).
3. Simulation results: single ﬁber pullout
This section describes the semi-discrete modeling of a single,
aligned ﬁber that is pulled from a matrix. Both the lumped- and
distributed-force approaches are compared. Inadequacy of the
lumped-force approach is demonstrated. The distributed-force ap-
proach is validated through comparisons with theory and results
from a fully-discrete model.
3.1. Model setup
Fig. 4 shows lattice models of a prismatic tensile specimen with
a pre-deﬁned crack at mid-plane. A single ﬁber bridges the crack-
ing plane and has differing embedment lengths within the matrix.
The ﬁber–matrix modular ratio is assumed to be Ef =Em ¼ 3. The
formulation and analyses are three-dimensional, where the thick-
ness dimension of lf =30 is represented as a single layer of elements.
To focus on the problem of ﬁber pullout, the strength of matrix
elements spanning the fracture plane is assumed to be negligible.
The ascending branch of the pullout curve is modeled using the
micromechanical model of Naaman et al. (1991). Herein, deforma-
tion of the free length of the ﬁber is neglected (i.e., df ¼ 0 in
Fig. 4. Models of single-ﬁber pullout from a predeﬁned crack at mid-plane: (a)
coarse and (b) ﬁne discretizations of matrix phase.
Fig. 5. Constitutive relations for ﬁber–matrix interface.
Fig. 6. Fiber pullout behavior using the lumped-force approach.
Fig. 7. Stress concentrations local to ﬁber entry points just prior to local break-off of
matrix particles (lumped-force approach).
Fig. 8. Simulated pullout behavior using the distributed-force approach.
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behavior are considered after full debonding: (1) perfectly-plastic
(constant frictional) resistance; and (2) linear slip-hardening
resistance. The latter case is deﬁned by
sðs;bÞ ¼ s0 1þ b sdf
 
ð4Þ
where s is bond shear stress, s is bond slip, s0 is the yield shear
stress, df is the ﬁber diameter, and b is a parameter controlling
the degree of hardening (Lin and Li, 1997). Slip s is assumed to be
equal to pullout displacement d.
3.2. Analysis results – lumped-force approach
Consider the coarsely discretized model (in Fig. 4(a)) loaded in
axial tension. The load–displacement response obtained from the
lumped-force approach is plotted in Fig. 6. For the case of constant
frictional resistance during pullout, the peak load agrees with the
theoretical peak load of
P0 ¼ s0pdf le ð5Þ
where le is the shorter of the two embedment lengths. In accordance
with theory, strength degrades linearly until the load-free condition
occurs at a displacement of le. Elastic recovery of the matrix during
unloading has been considered in the pullout model. Agreement
with theory is obtained, provided the matrix particle sizes are
sufﬁciently large to prevent local break-off of the particle(s) at the
ﬁber entry point.
To illustrate this point, the loading exercise is repeated using
the ﬁner discretization of the matrix phase shown in Fig. 4(b).Nodal measures of the stress state (Yip et al., 2005) are calculated
for the mid-thickness plane containing the ﬁber at a load stage just
prior to local break-off of matrix particles (Fig. 6). The correspond-
ing contours of principle stress are plotted in Fig. 7, where r1 is
major principle stress and the normalizing factor r0 is the far-ﬁeld
stress in the matrix at the moment of peak axial force in the ﬁber
(i.e., the expected peak axial force P0 divided by the gross cross-
section area of the matrix). These and other stress contours
presented herein are affected by the choice of thickness of the
model, but the relative comparisons are still valid. Prior to full
J. Kang et al. / International Journal of Solids and Structures 51 (2014) 1970–1979 1975debonding of the shorter embedded length, the stress contours ex-
hibit symmetry about the fracture plane. With additional loading,
yet prior to the expected peak load P0, the stress becomes sufﬁ-
ciently large near the ﬁber entry points to dislodge matrix particles
from the surrounding matrix. The ﬁner the discretization, the high-
er the stresses on particles local to the ﬁber entry point and the
earlier in the loading curve that particles become dislodged from
the surrounding matrix. This form of mesh dependency produces
spurious results without practical value.3.3. Analysis results – distributed-force approach
The pullout curve produced using the distributed-force ap-
proach and coarse discretization of the matrix phase agrees with
theory precisely. The results are indistinguishable from those of
the lumped-force approach presented in Fig. 6. Furthermore, theFig. 9. Simulated pullout of polyethylene ﬁbers using the distributed-force
approach.
Fig. 10. Principle stress contours for: (a) perfectly-plastic; andproblem of spurious matrix break-off at the ﬁber entry points is
avoided, so that the complete solution can be obtained using ﬁner
discretizations, approaching the scale of the ﬁber diameter. The
results plotted in Fig. 8 are based on the ﬁne discretization of the
matrix phase presented in Fig. 4(b). For both types of interface
behavior, the simulation results agree well with theory. The
theoretical result for the case of linear slip-hardening is
PðsÞ ¼ sðs;bÞdfpðle  sÞ ð6Þ
Both simulated curves meet the traction free condition at a slip of
approximately le. Other constitutive models for the interface could
be implemented, including those obtained through inverse analysis
of experimentally measured pullout curves. The choice of
s0 = 0.47 MPa and b = 0.0125, used for the simulation results
presented in Fig. 9, was determined by Lin and Li (1997) through
comparisons with their experimental results.
Fig. 10 shows series of principle stress contours for both inter-
face types, corresponding to the four values of pullout displace-
ment indicated in Fig. 8. The ﬁber bridging force is transferred to
the matrix along the ﬁber lengths, rather than being concentrated
at the ﬁber entry points as shown in Fig. 7. The ﬁrst plots in each
series are essentially identical since they represent the point of full
debonding prior to signiﬁcant bond slippage. There appears to be
two stress concentrations along each embedded length of ﬁber.
One is due to the immediate transfer of force from the ﬁber to
the surrounding matrix near the crack surface. The other stress
concentration is thought to be associated with the statical discon-
tinuity that occurs at the ends of the ﬁber. The effects of slip-hard-
ening are evident in the broader region of high stress surrounding
the ﬁber that is pulled out. Fig. 11 shows enlarged views of the
stress distribution local to the ﬁber at an intermediate load stage.
The amount of ﬁber slip is also indicated in the ﬁgure.
3.4. Comparisons with fully-discrete model results
Results from the semi-discrete approach are further validated
through comparisons with the fully-discrete approach described(b) slip-hardening behavior of the ﬁber–matrix interface.
Fig. 11. Magniﬁed view of principle stress contours at an intermediate stage of ﬁber
pullout: perfectly-plastic (left) and slip-hardening (right) behavior of the ﬁber–
matrix interface.
Fig. 12. Simulated ﬁber pullout: comparison of distributed-force and fully-discrete
model results.
Fig. 13. Stress development during ﬁber pullout according to the fully-discrete
model.
1976 J. Kang et al. / International Journal of Solids and Structures 51 (2014) 1970–1979in Section 2.3, in which individual ﬁbers are represented using 3-D
frame elements connected in series. The same set of ﬁber and ma-
trix input parameters has been used, as for the previous case of
perfectly-plastic interface behavior. Comparison of the load–
deﬂection curves is given in Fig. 12, where the results for the
distributed-force approach have been repeated from Fig. 8. Both
models simulate the theoretical peak load, followed by a linear
decrease in load resistance with increasing bond slip until the
load-free condition. The close agreement over the ascending
portion of the curves is due, in part, to the consideration of
progressive debonding within the micromechanical formulation
of Naaman et al. (1991), upon which the semi-discrete model is
based. Stress contours produced with the fully-discrete approach
(using the same matrix discretization depicted in Fig. 4(b)) are
given in Fig. 13. Beyond the early stages of debonding and slip,
these stress contours closely resemble those produced by the
distributed-force approach to modeling ﬁber pullout (Fig. 10(a)).4. Simulation results: multiple ﬁber pullout
The composite behavior of multiple ﬁber systems is studied
using the lumped- and distributed-force approaches. To demon-
strate model behavior, tensile tests of ﬁber-reinforced cement
composites are simulated. The tensile specimens are modeled by
the lattice structure shown in Fig. 14, which represents specimens
tested by Adendorff et al. (2010). As done in the experiments,loading is applied through displacement control of hinged supports
within the end regions of the specimen.
Using coordinates produced from pseudo-random numbers
(Knop, 1970; Bolander et al., 2008), ﬁbers are positioned in the cen-
tral portion of the 3-D model where crack formation is expected.
Based on the dimensions of the Polyvinyl Alcohol (PVA) ﬁbers used
by Adendorff et al. (lf = 12 mm, df = 40 lm) approximately 32,000
ﬁbers were introduced to achieve a volume fraction Vf = 1%.
Typical values were assumed for the matrix and ﬁber properties
that were not reported in Adendorff et al. (2010). If applying the
fully-discrete approach to this example, discretization of the ﬁbers
would introduce additional nodes and the number of system
degrees of freedom would be much greater. Through the compari-
son shown in Table 1, the efﬁciency of the semi-discrete approach
is apparent.
Based on the distributed-force approach, the load–displacement
response of the model specimens is shown in Fig. 15 for the two
types of ﬁber–matrix interface previously considered. In the ﬁgure,
D represents displacement between the loading points. Several
random realizations of the ﬁber distribution have been simulated,
which is analogous to the testing of replicate specimens in the
physical laboratory. The abrupt decrease in load after matrix
cracking is due, in part, to the use of a brittle fracture criterion
for the matrix elements. Whereas matrix softening can be included
in the simulation, it would complicate the comparisons with
theoretical post-cracking strength, given below, and add signiﬁ-
cantly to the computational time.
Fig. 14. Model of tensile test specimen: (a) matrix discretization; and (b) view of internal ﬁbers.
Table 1
Number of system degrees of freedom (DOF) for each model type
Model type Matrix nodes Fiber nodesa System DOFa
Semi-discrete 4016 – 24,000
Fully-discrete 4016 265,000 1,616,000
a Values have been rounded to the nearest thousand.
Fig. 15. Tensile load–displacement curves for multiﬁber composites: (a) simulation
of nominally identical tensile specimens differing only in the uniformly random
placement of ﬁbers; and (b) effects of snubbing coefﬁcient g for each interface type.
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even for the uniformly random placement of large numbers of
ﬁbers. Although each model contains an identical number of ﬁbers,the number of ﬁbers bridging the crack, nb, differs for each model
as indicated in Fig. 15(a). Larger nb tends to provide larger post-
cracking strength and toughness; those measures of performance
are also affected by differences in the frequency distribution of
embedment lengths. It is anticipated that analyses based on actual
ﬁber distributions, or simulated nonuniform distributions (Švec
et al., 2013), will more realistically account for sources of variation
introduced by production processes (Stähli and van Mier, 2007;
Stähli et al., 2008; Zerbino et al., 2012). Unlike the specimens
tested by Adendorff et al., which had higher ﬁber contents
(Vf = 2%), post-cracking strength is lower than initial cracking
strength and so only one crack forms. Load resistance, at the point
of full debonding, agrees well with the mathematically expected
result
Pe ¼ nbs0pdf lf4 ð7Þ
where nb is the average number of ﬁbers bridging the crack for the
set of model specimens considered. For both interface types, the
bridging forces eventually reduce to the load-free condition at an
axial displacement of lf /2.
Similarly accurate results could not be achieved with the
lumped-force approach. During the process of matrix cracking,
immediately after peak load, the lumping of bridging forces at
the crack surfaces causes local break-off of matrix particles, as
shown in Fig. 16(a). This same type of undesirable behavior oc-
curred when using the lumped-force approach to model single ﬁ-
ber pullout with the ﬁner mesh (Section 3.2). With continued
loading, the break-off process spreads from the crack face (i.e.,
additional cracking does not form at a distance away for the ﬁrst
crack, but rather appears as spurious lateral spreading of the ﬁrst
crack.) On the other hand, the distributed-forced approach does
not exhibit this undesirable behavior. As the mesh becomes ﬁner,
the forces applied to the nodes adjacent to the crack surface
become proportionally smaller, as per Eq. 1. No spurious break-
off of matrix particles occurs when using the distributed-force
approach (Fig. 16(b)). This capability is essential for modeling the
appearance of multiple distinct cracks that form in SHCC, which
is one goal of this research. The modeling framework can be ex-
tended to accommodate multiple cracking, albeit along with some
simplifying assumptions to handle the case of closely space cracks
(where there is a potential for ﬁbers to cross more than one crack).
For these simulations, the direction of ﬁber embedment is
typically skew to the loading direction. This implies activation of
snubbing effect, which modiﬁes the pullout behavior of the
individual ﬁbers. Herein, the model of Li is employed (Li, 1992):
Pf/ ¼ Pf eg/ ð8Þ
where / is the ﬁber embedment angle measured from the loading
direction and g is the snubbing friction coefﬁcient, which is given
a typical value (g = 0.7 (Lin and Li, 1997)) for this exercise. The
activation of snubbing effect increases the pullout resistance of
individual ﬁbers and, therefore, the load capacity of the composite
Fig. 16. Fiber bridging of tensile crack: (a) lumped-force approach exhibiting dislodging of matrix particles; and (b) distributed-force approach exhibiting desired behavior.
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have been produced using the same distribution of ﬁbers. As
expected, the inclusion of snubbing effect does not modify the
displacement associated with the traction-free condition.
5. Conclusions
Fully-discrete models of ﬁber reinforcement are advantageous
in their abilities to simulate the behavior of individual ﬁbers during
matrix cracking and pullout, and the inﬂuence of various nonuni-
formities of the ﬁber distribution on composite behavior. The
development of semi-discrete approaches has been motivated by
these same objectives and, at the same time, addresses the need
for tractable solutions when the ﬁber count is large. For the
semi-discrete approach developed herein, ﬁbers can be freely
positioned within the computational domain irrespective of the
discretization of the matrix phase. The ﬁbers do not possess their
own degrees of freedom, but rather are embedded within a rigid-
body-spring representation of the matrix phase. In this way, the
approach is computationally efﬁcient. Several observations and
conclusions can be made:
 In the original development of this semi-discrete approach, the
ﬁber bridging forces that evolve with matrix cracking have been
lumped at the bridging points (i.e., where the ﬁber intersects
the crack surfaces). This lumped-force approach is accurate for
isolated tensile cracking when the discretization of the matrix
phase is relatively coarse. As demonstrated herein, however,
this approach is not objective with respect to discretization of
the matrix phase. With increasing reﬁnement of the matrix dis-
cretization, stresses produced by the lumping of bridging forces
become sufﬁciently large to cause break-off of matrix particles
from the crack surfaces.
 The proposed distributed-force approach provides objective
solutions of tensile fracture of ﬁber-reinforced brittle-matrix
composites. By distributing pullout forces over the embedment
lengths of the ﬁbers, spurious break-off of matrix particles near
the ﬁber bridging points is avoided.
 The modeling framework can accommodate ﬁber pullout infor-
mation in several forms. Herein, pullout behavior has been
deﬁned by perfectly-plastic and slip-hardening constitutive
relations for the ﬁber–matrix interface. Alternatively, the load-
pullout displacement relationships based on experimental
results could be used as input.
 Fundamental capabilities of the proposed distributed-force
approach have been validated for pullout of individual ﬁbers
aligned with the direction of loading. These validation efforts
involved comparisons with theory (in terms of peak load and
load-free displacement), experimental results, and results of a
fully-discrete model. Stress contours produced from the lattice models enable fuller
study of model performance. According to the lumped-force
approach, artiﬁcially high tensile stresses occur within the
matrix local to the ﬁber entry points. For the distributed-force
approach, the stress contours indicate load transfer to the
matrix over the ﬁber embedded length and compare well with
those obtained using a fully-discrete approach. However, the
fully-discrete approach allows for nonuniform slip on both sides
of the crack, which signiﬁcantly affects the early stages of
debonding and pullout. Those differences deserve attention in
further development of the semi-discrete approach.
 The proposed distributed-force approach is further validated
through simulations of tensile fracture of multi-ﬁber compos-
ites. The simulation results agree with theoretical estimates of
post-cracking strength and load-free displacement. Random
realizations of nominally identical ﬁber distributions produce
scatter in the load–displacement curves, as would the testing
of replicate specimens in the laboratory. The use of realistic
ﬁber distributions would enable practical analyses of the effects
of ﬁber distribution on composite performance. The inﬂuences
of ﬁber orientation on ﬁber behavior, such as snubbing effect,
can be modeled directly.
This work is a signiﬁcant step toward the multiscale modeling
of strain-hardening cement composites, in which each individual
ﬁber is represented in a semi-discrete manner. Considering the
spurious form of cracking exhibited by the lumped-force approach,
and the implications of such undesirable behavior, distributing the
pullout force over the embedment lengths of ﬁbers appears to be
necessary for simulating the distributed, distinct cracking that oc-
curs those materials.
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